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A continuous zero-selection f for the Vietoris hyperspace F (X) of the nonempty closed
subsets of a space X is a Vietoris continuous map f : F (X) → X which assigns to every
nonempty closed subset an isolated point of it. It is well known that a compact space X
has a continuous zero-selection if and only if it is an ordinal space, or, equivalently, if X
can be mapped onto an ordinal space by a continuous one-to-one surjection. In this paper,
we prove that a compact space X has an upper semi-continuous set-valued zero-selection
for its Vietoris hyperspace F (X) if and only if X can be mapped onto an ordinal space by
a continuous ﬁnite-to-one surjection.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Let X be a T1-space, and let F (X) be the set of all nonempty closed subsets of X . One of the best known topologies on
F (X) is the Vietoris one τV . Let us recall that τV is generated by all collections of the form
〈V 〉 =
{
S ∈ F (X): S ⊂
⋃
V and S ∩ V = ∅, whenever V ∈ V
}
,
where V runs over the ﬁnite families of open subsets of X .
Let Z be a space. Recall that a set-valued mapping θ : Z → F (X) is upper semi-continuous, or u.s.c., if θ#(U ) =
{z ∈ Z : θ(z) ⊂ U } is open in Z for every open U ⊂ X . A mapping θ : Z → F (X) is lower semi-continuous, or l.s.c., if
θ−1(U ) = {z ∈ Z : θ(z) ∩ U = ∅} is open in Z for every open U ⊂ X . Finally, θ is called continuous if it is both l.s.c. and u.s.c.
In fact, θ is continuous if and only if it is continuous in the usual sense as a single-valued map from the space Z to the
space (F (X), τV ).
In the sequel, all spaces are assumed to be at least Hausdorff. Usually, by a selection for F (X) we mean a single-valued
map f : F (X) → X such that f (S) ∈ S for every S ∈ F (X). In this paper, we are mainly interested in set-valued selec-
tions, or multi-selections, for the Vietoris hyperspace. Here, by a multi-selection for F (X) we mean a set-valued mapping
θ :F (X) → F (X) such that θ(S) ⊂ S for every S ∈ F (X). In particular, we will say that θ is τV -u.s.c. (respectively, τV -l.s.c.
or τV -continuous) if it is u.s.c. (respectively, l.s.c. or continuous) with respect to the Vietoris topology as a set-valued map-
ping from the space (F (X), τV ) to the subsets of X .
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θ(S) = S , S ∈ F (X). However, if additional properties on the values of the multi-selection are required, then the corre-
sponding selection problem may characterize certain classes of spaces. For instance, if we are looking for τV -continuous
multi-selections θ : F (X) → F (X) whose values are singletons of X , then we get the usual selection problem for hyper-
spaces. Another natural restriction is to consider compact-valued multi-selections, namely let
C (X) = {S ∈ F (X): S is compact}.
According to a result of [10], a metrizable space X is completely metrizable if it has a τV -u.s.c. multi-selection θ : F (X) →
C (X), while, by a result of [6], every completely metrizable space X has a τV -u.s.c. multi-selection θ : F (X) → C (X). Thus,
a metrizable space X is completely metrizable if and only if it has a τV -u.s.c. multi-selection θ : F (X) → C (X).
In this paper, we are interested in scattered spaces and selections for their hyperspaces. Recall that a space X is scattered
if every nonempty closed subset of X has an isolated point. One of the best known results in this direction is that a
compact (scattered) space X is homeomorphic to an ordinal space if and only if there exists a continuous single-valued
selection f : F (X) → X such that f (S) is an isolated point of S for every S ∈ F (X), [5]. Such selections were called
zero-selections in [1] (see, also, [3,2]), where several further results were obtained.
Motivated by this, we shall say that a mapping θ : F (X) → F (X) is a zero multi-selection if θ(S) consists of isolated
points of S , for each S ∈ F (X). We are now ready to state also the main purpose of this paper. Namely, in this paper we
prove the following theorem.
Theorem 1.1. For a compact scattered space X, the following are equivalent:
(a) There exists a τV -u.s.c. zero multi-selection θ : F (X) → F (X).
(b) There exists a continuous ﬁnite-to-one surjection h : X → [0, δ] for some ordinal δ.
Also, relying on the technique developed in [8], we extend this result to arbitrary scattered spaces in the following way:
Theorem 1.2. For a scattered space X, the following are equivalent:
(a) There exists a τF -u.s.c. zero multi-selection θ : F (X) → C (X).
(b) There exists a continuous closed ﬁnite-to-one surjection h : X → [0, δ) for some an ordinal δ.
Here, τF is the Fell topology on F (X). Recall that τF is generated by all basic Vietoris neighbourhoods 〈V 〉, V is a ﬁnite
family of open subsets of X , such that X \⋃V is compact. As the reader may expect, a mapping θ : F (X) → F (X) is
τF -upper semi-continuous, or τF -u.s.c., if θ is u.s.c. as a set-valued mapping from the space (F (X), τF ) to the subsets of X .
The paper is organized as follows. Theorem 1.1 is proved in Section 3, the next section contains a preparation for that
proof. The last Section 4 is devoted to the proof of Theorem 1.2.
The paper suggests also some natural open questions. Going back to Theorem 1.1, we have the following question.
Question 1. Let X be a compact space which has a τV -u.s.c. zero multi-selection θ : F (X) → F (X). Then, is X an ordinal
space?
It should be mentioned that the answer to Question 1 is in negative if τV -u.s.c. is replaced by τV -l.s.c., see Examples 3.2
and 3.3. In this regard, the following special case of Question 1 is also open.
Question 2. Let X be a compact space which has a τV -continuous zero multi-selection θ : F (X) → F (X). Then, is X an
ordinal space?
Theorem 1.1 and Questions 1 and 2 were communicated to Jan Pelant. In his last letter to the author, he announced that
Question 2 has a positive solution which implies also a positive solution to Question 1.
2. Upper semi-continuous decompositions
A pairwise disjoint cover E of nonempty subsets of a space X is usually called a decomposition of X . A decomposition
of X is upper semi-continuous if it is generated by a closed equivalence relation. Note that a decomposition E of X is upper
semi-continuous if and only if E ⊂ F (X) and ⋃{S ∈ E : S ⊂ U } is open in X for every open U ⊂ X (see, for instance, [4]).
In this section, we deal with upper semi-continuous decompositions on compact scattered spaces generated by τV -u.s.c.
zero multi-selections for such spaces. In what follows, we shall say that a multi-selection θ : F (X) → F (X) is p-minimal
for some point p ∈ X if, whenever S ∈ F (X), p ∈ θ(S) implies S = {p}.
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and a cover {Sα: α < δ + 1} of X consisting of nonempty ﬁnite subsets Sα of X such that, for every α < δ + 1,
(a) Sβ ∩ Sα = ∅, whenever β < α;
(b)
⋃{Sβ : β  α} is clopen;
(c) if α is a limit ordinal, then
⋃{Sβ : β < α} is not closed.
If, moreover, θ is p-minimal for some point p ∈ X, then Sδ = {p}.
Proof. We follow the idea of [5]. Namely, let κ = |X |, and let κ+ be the ﬁrst ordinal with cardinality bigger than κ . By
hypothesis, θ(F ) consists only of isolated points of F , whenever F ∈ F (X). Hence, by induction, we can deﬁne a sequence
{Sα: α < κ+} of (not necessarily nonempty) pairwise disjoint ﬁnite subsets of X such that, for every α < κ+ ,
(i) Xα =⋃{Sβ : β < α} is open in X .
(ii) If Fα = X \ Xα = ∅, then Sα = θ(Fα).
(iii) If Fα = X \ Xα = ∅, then Sα = ∅.
Let δ0 = min{α < κ+: Fα = ∅}. By the compactness of X and (i), δ0 should be a successor ordinal, say δ0 = δ + 1. Then,
X =⋃{Sα: α < δ+1} = Xδ+1, and Sδ = {p} provided θ is p-minimal for some point p ∈ X . Let us show that {Sα: α < δ+1}
is as required. Clearly, by construction, (a) holds. As for (b) and (c), ﬁrst observe that S0 is clopen. Next, suppose that, for
some 0 < α < δ + 1, the set ⋃{Sβ : β  γ } is clopen for every γ < α. To show that ⋃{Sβ : β  α} is also clopen, we
distinguish the following two cases. If α is a successor ordinal, say α = γ + 1, then Xα = ⋃{Sβ : β  γ } is clopen by
assumption, while Sα = θ(Fα) is clopen in Fα = X \ Xα . Hence, ⋃{Sβ : β  α} is clopen as well. Suppose ﬁnally that α is a
limit ordinal. By construction,
Xα+1 =
⋃
{Sβ : β < α + 1} =
⋃
{Sβ : β  α}
is open. In this case, we are going to show that Xα+1 = Xα ∪ Sα . To this end, let us observe that {Fβ : β < α} is a strictly
decreasing net of nonempty closed subsets of X , and Fα = ⋂{Fβ : β < α}. However, by hypothesis, X is compact. Hence,
with respect to the Vietoris topology, we have that
Fα = lim
β<α
Fβ . (2.1)
In particular, this implies that Xα is not closed, which is (c). Namely, if Xα is closed, then Fα should be a neighbourhood
of Sα = θ(Fα), with Sβ ∩ Fα = ∅ for every β < α. However, θ is τV -u.s.c., and therefore, by (2.1), Sβ = θ(Fβ) ⊂ Fα for
some β < α. Clear, this is impossible. We are also ready to show that Xα \ Xα ⊂ Sα . Indeed, suppose if possible that
there is a point y ∈ Xα \ Xα , with y /∈ Sα . Next, take disjoint open sets U and V such that Sα ⊂ U and y ∈ V . Then,
from one hand, by (2.1), there exists γ < α such that Sβ = θ(Fβ) ⊂ U for every β < α, with γ < β , because θ is τV -u.s.c.
From another hand, by assumption, Xγ+1 is clopen, while {Xβ : β < α} is an increasing net which is τV -convergent to Xα
because Xα =⋃{Xβ : β < α}. Then, set W = V \ Xγ+1, which is a neighbourhood of y, and consider the τV -neighbourhood
〈{W , X}〉 of Xα . Thus, there exists μ < α such that Xβ ∈ 〈{W , X}〉 for every β < α, with μ < β . Therefore, we now have
that Xβ ∩ W = ∅ for every β < α, with μ < β . Since Xγ+1 ∩ W = ∅, by (i), this implies the existence of β < α such that
γ < β and Sβ ∩ W = ∅. However, for this particular β , we also have that Sβ = θ(Fβ) ⊂ U , while W ⊂ V and V ∩ U = ∅.
A contradiction, which completes the veriﬁcation of (b), hence the proof. 
3. Proof of Theorem 1.1
Let X be a compact scattered space. To show that (a) ⇒ (b), suppose that θ : F (X) → F (X) is a τV -u.s.c. zero multi-
selection. Then, by Lemma 2.1, there exists an ordinal δ and a decomposition {Sα: α < δ + 1} of X as in that lemma. Now,
identifying each Sα with the point α, we get the quotient set of this decomposition, which is clear the set of ordinals [0, δ].
Also, it is clear that the quotient map h : X → [0, δ] is a ﬁnite-to-one surjection. Let us see that the quotient topology on
[0, δ] is, in fact, the usual ordinal topology on [0, δ]. Indeed, if α  δ is a successor ordinal, then α is an isolated point of
[0, δ] (in the ordinal topology), while h−1({α}) = Sα is a clopen subsets of X , by (b) of Lemma 2.1. If α  δ is a limit ordinal
and β < α, then
h−1((β,α]) =
(⋃
{Sγ : γ  α}
)
\
(⋃
{Sγ : γ  β}
)
.
According to (b) of Lemma 2.1 once again, it implies that (β,α] is open in [0, δ]. Finally, let us observe that if α  δ is a
limit ordinal, then [0,α) = {β: β < α} is not closed in [0, δ] because h−1([0,α)) =⋃{Sβ : β < α} is not closed in X , by (c)
of Lemma 2.1. Thus, the quotient topology on [0, δ] is the ordinal one, hence h : X → [0, δ] is continuous surjection being
the natural quotient map.
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every F ∈ F (X), let
α(F ) = min{α  δ: α ∈ h(F )}=min{α  δ: F ∩ h−1(α) = ∅}.
Deﬁne a mapping ψ : F (X) → F (X) by letting ψ(F ) = h−1([0,α(F )]), for F ∈ F (X), and let us show that it is
τV -u.s.c. Indeed, take F ∈ F (X), and consider the τV -neighbourhood 〈{h−1([0,α(F )]), X}〉 of F in F (X). Then, S ∈
〈{h−1([0,α(F )]), X}〉 implies α(S) α(F ), and therefore
ψ(S) = h−1([0,α(S)])⊂ h−1([0,α(F )])= ψ(F ).
We complete the proof by showing that θ(F ) = F ∩ ψ(F ), F ∈ F (X), is as required in (a). According to the deﬁnition
of α(F ), the set θ(F ) is a nonempty ﬁnite clopen subset of F because θ(F ) = F ∩ h−1([0,α(F )]) = F ∩ h−1(α(F )) and
h−1([0,α(F )]) is clopen in X . Hence, θ is a zero multi-selection for F (X), and it is τV -u.s.c. as an intersection of τV -u.s.c.
mappings (see, for instance, [4]) because the mapping F → F , F ∈ F (X), is itself τV -u.s.c. This is (a), which completes the
proof of Theorem 1.1.
The following is an immediate consequence of Lemma 2.1 and the proof of Theorem 1.1.
Corollary 3.1. For a compact space X and p ∈ X, the following are equivalent:
(a) X has a τV -u.s.c. zero multi-selection θ : F (X) → F (X) which is p-minimal.
(b) There exists a continuous ﬁnite-to-one surjection h : X → [0, δ] for some ordinal δ such that h−1(δ) = {p}.
We complete this section with two examples related Questions 1 and 2, and the importance of the upper semi-continuity
of the zero multi-selection in them. To this end, following [5], for ordinal numbers λ and μ, we let L(λ,μ) to be the quotient
space obtained from the disjoint union of the ordinal spaces λ+1 and μ+1 by identifying the points λ and μ into a single
point. The space L(λ,μ) is a compact scattered and linearly ordered, but, by [5, Theorem 3], it is homeomorphic to an
ordinal space if and only if both λ and μ are of countable coﬁnality. In particular, L(ω1,ω1) is not homeomorphic to an
ordinal space, where ω1 is the ﬁrst uncountable ordinal.
Example 3.2. The space L(ω1,ω1) has a τV -l.s.c. zero multi-selection.
Proof. Note that, in this case, L(ω1,ω1) is the quotient space X of the product 2 × (ω1 + 1) obtained by identifying the
points 〈0,ω1〉 and 〈1,ω1〉 into a single point p. Take a nonempty closed subset F ⊂ X . If F = {p}, then let ϕ(F ) = {p}.
If F = {p}, then consider the nonempty set 2(F ) = {i < 2: F ∩ ({i} × ω1) = ∅} and let αi(F ) = min{α < ω1: 〈i,α〉 ∈ F },
i ∈ 2(F ). Finally, in this case, deﬁne ϕ(F ) = {〈i,αi(F )〉: i ∈ 2(F )}. Clearly, ϕ is a zero multi-selection. Since any multi-
selection is continuous on the singletons, it suﬃces to show that ϕ is τV -l.s.c. at F , with F = {p}. So, take a point y ∈ ϕ(F ).
Then, y = 〈i,αi(F )〉 for some i ∈ 2(F ). If αi(F ) is a successor ordinal, set B = {i} × [0,αi(F )). Then, O = 〈{{y}, X \ B}〉 is a
τV -neighbourhood of F such that S ∈ O implies y ∈ ϕ(S). Suppose ﬁnally that αi(F ) is a limit ordinal. In this case, take
β < αi(F ), and then set Y = {i} × (β,αi(F )] and B = {i} × [0, β]. Now, O = 〈{Y , X \ B}〉 is a τV -neighbourhood of F such
that S ∈ O implies S ∩ Y = ∅. Hence, i ∈ 2(S), and 〈i,αi(S)〉 ∈ Y ∩ ϕ(S). This completes the proof. 
Example 3.3. The space L(ω1,ω1) has no τV -continuous zero multi-selection.
Proof. Just as in the previous proof, L(ω1,ω1) is the quotient space X of the product 2× (ω1 + 1) obtained by identifying
the points 〈0,ω1〉 and 〈1,ω1〉 into a single point p. Suppose that θ : F (X) → F (X) is a τV -continuous zero multi-selection.
Take α0 < ω1, and then observe that θ({0}× [α0,ω1]) ⊂ {0}× [α0,ω1) because θ is zero multi-selection. Since θ is τV -u.s.c.,
there exists α1 < ω1, with α0 < α1, such that θ({0} × [α0,ω1] ∪ {1} × [α1,ω1]) ⊂ {0} × [α0,ω1). Since θ({1} × [α1,ω1]) ⊂
{1}×[α1,ω1), just like before, we can ﬁnd α2 < ω1, with α1 < α2, such that θ({1}×[α1,ω1]∪{0}×[α2,ω1]) ⊂ {1}×[α1,ω1).
Thus, we can ﬁnd an increasing sequence {αn: n < ω} ⊂ [0,ω1) of ordinals such that, for every n < ω,
θ
({0} × [α2n,ω1] ∪ {1} × [α2n+1,ω1]
)⊂ {0} × [α2n,ω1) (3.1)
and
θ
({1} × [α2n+1,ω1] ∪ {0} × [α2n+2,ω1]
)⊂ {1} × [α2n+1,ω1). (3.2)
Finally, let α∞ = sup{αn: n < ω} and F = {0} × [α∞,ω1] ∪ {1} × [α∞,ω1]. Then, α∞ < ω1 and, therefore, p /∈ θ(F ) because
θ is a zero multi-selection. Now, from one hand, Ln = {0} × [α2n,ω1] ∪ {1} × [α2n+1,ω1], n < ω, is a sequence that is
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{0} × [α2n+2,ω1], n < ω, is also τV -convergent to F . Hence, by (3.2), θ(F ) ⊂ {1} × [α∞,ω1]. That is,
θ(F ) ⊂ {0} × [α∞,ω1] ∩ {1} × [α∞,ω1] = {p}.
Consequently, θ(F ) = {p} which is clearly impossible. The contradiction so obtained completes the proof. 
4. Fell topology and zero multi-selections
In this section, we provide the proof of Theorem 1.2. To prepare for this proof, we need the following two observations
about τF -u.s.c. selections, the ﬁrst of which is based on the fact that the Fell topology on F (X) is admissible (in sense
of [9]) if and only if X is locally compact.
Proposition 4.1. Let X be a space which has a τF -u.s.c. multi-selection for F (X). Then X is locally compact.
Proof. We follow the proof of [7, Theorem 2.1] (see, also, [8, Theorem 2.1]). Let θ : F (X) → F (X) be a τF -u.s.c. multi-
selection, and suppose, if possible, that X is not locally compact. Then, there exists a point p ∈ X such that V is not
compact for every neighbourhood V of p in X . Let us show that, in this case, there also exists a point q ∈ X such that
q = p and θ({p,q})= {p}. (4.1)
To see this, note that there exists F ∈ F (X) such that F is not compact and p /∈ F . Since θ#(X \ F ) is a τF -neighbourhood
of {p}, there now exists an open set W ⊂ X such that X \ W is compact and {p} ∈ 〈{W }〉 ⊂ θ#(X \ F ). Then, F ∩ W = ∅
because F is not compact. So, we can take q ∈ F ∩ W .
Let q ∈ X be as in (4.1). Since X is Hausdorff, θ(q) ∩ θ({p,q}) = ∅, and θ is τF -u.s.c., there are disjoint open sets Up
and Uq such p ∈ Up , q ∈ Uq and X \ Uq is compact. Consequently, Up is compact as well, being a subset of X \ Uq , which
contradicts the choice of p. This completes the proof. 
For a locally compact space X , we will use αX to denote the one point compactiﬁcation of X . For a non-compact locally
compact space X , we let α to be the point of the singleton αX \ X . The following extension property was actually established
in [8, Theorem 3.1]. The same arguments work for the τF -u.s.c. case.
Proposition 4.2. Let X be a locally compact non-compact space. Then,F (X) has a τF -u.s.c. (zero)multi-selection θ : F (X) → C (X)
if and only if F (αX) has a τV -u.s.c. (zero)multi-selection ϕ : F (αX) → F (αX) which is α-minimal.
Proof of Theorem 1.2. Suppose that θ : F (X) → C (X) is a τF -u.s.c. zero multi-selection for F (X). If X is compact, then
(b) follows by Theorem 1.1. If X is not compact, then, by Proposition 4.1, it is locally compact. So, by Proposition 4.2,
F (αX) has a τV -u.s.c. zero-selection ϕ , which is α-minimal. Hence, by Corollary 3.1, there exists a continuous ﬁnite-to-one
surjection g : αX → [0, δ] for some ordinal δ such that g−1(δ) = {α}. Then, h = g  X is as required in (b).
Suppose ﬁnally that h : X → [0, δ) is a continuous ﬁnite-to-one closed surjection for some ordinal δ. If δ = γ + 1 is a
successor ordinal, then h : X → [0, γ ] and, by Theorem 1.1, F (X) has a τV -u.s.c. zero-selection (hence, a τF -u.s.c. one). If
δ is a limit ordinal, then X is a non-compact locally compact space. Namely, h−1([0,h(x)]) is a compact neighbourhood
of x for every x ∈ X because h is perfect. Then, deﬁne a map g : αX → [0, δ] by g  X = h and g(α) = δ. To see that g
is continuous, observe that β < δ implies that h−1((β, δ)) is an open subset of X so that X \ h−1((β, δ)) = h−1([0, β]) is
compact. According to the deﬁnition of the topology of αX , g is continuous, and, clearly, it is a ﬁnite-to-one surjection.
Hence, by Corollary 3.1, F (αX) has a τV -u.s.c. zero multi-selection, which is α-minimal. Finally, Proposition 4.2 completes
the proof. 
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